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BORDISM BETWEEN BOLD AND MILNOR 
MANIFOLDS 

ASHISH KUMAR DAS 


Abstract. It is well known that Bold and Milnor manifolds give 
generators for the unoriented bordism algebra 111* over Z 2 . The 
purpose of this paper is to determine those Milnor manifolds which 
represent the same bordism classes in 01, as their Bold counter¬ 
parts. 


1. Introduction 


Bold manifolds were first introduced by Bold [2]. A Bold manifold 
P{m, n) of dimension m + 2n is the quotient (S™ x CP”)/ where ~ is 
an equivalence relation given by {x, [z]) ~ (—x, [z\). The ring structure 
of P*(P(m, n); Z 2 ) is described as 




r Z2[c] 1 


r Z2[d] 1 

cm+l ^ g 


_d^+i = 0_ 


and the total Stiefel-Whitney class of P{m,n) is given by 
W{P{m, n)) = (1 + c)^{l + c + 


where c is the nonzero element of P^(P(m,u);Z 2 ) = Z 2 and d is a 
suitable nonzero element of P^(P(m, n); Z 2 ) = Z 2 © Z 2 . 

On the other hand Milnor manifolds were hrst introduced by Milnor 
[5]. A Milnor manifold PI {m, n) is the m + n — 1 dimensional subman¬ 
ifold of MP*” X MP” given by 

min(m,n) 

H{m,n) = {([xo, • • • ,Xm], [?/o,... G MP”" x MP” : ^ XiVi = 0}. 

i=0 


In fact P(m, n) is the submanifold of RP™ x RP” dual to (a+ 6); a and 
h being the generators of P*(RP”*;Z 2 ) and P*(RP”;Z 2 ) respectively. 
Note that = 0, whereas a* and V are non-zero for 0 < 

i < m and 0 < j < u. The total Stiefel-Whitney class W{H{m,n)) of 
H{m,n) is given by the restriction to H{m,n) of the expression 
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(l + a)™+i(l + 6)^+1 

(l + a + 6) ^ ^ 

and the Stiefel-Whitney number of H{m,n) corresponding to a parti¬ 
tion ii + i 2 + ■■■ + ik = m + n — 1 is given by 

< (a + b)Wi^ • • • W 4 , [MP™ X MP”] > e Z 2 

where Wi^ is the sum of ij -dimensional terms in the expansion of the 
expression (1.1). Thus the partition ii + i 2 + ■ ■ ■ + ik = m + n — 1 
corresponds to a non-zero Stiefel-whitney number of H{m,n) if and 
only if Wi,Wi^ • • • Wife = or Since H{m, n) ^ H{n, m), 

we always assume that m < n. Further, throughout this paper the 
symbol ( ) will stand for binomial coefficient reduced modulo 2 . 

It is well known (see [2],[5]) that Bold as well as Milnor manifolds 
independently give generators for the unoriented bordism algebra Tt* 
over Z 2 . Thus, in principle, every Milnor manifold is bordant to a union 
of products of Bold manifolds. In this paper we investigate the question 
“which Milnor manifolds are bordant to Bold manifolds?” and obtain 
dehnite answers in most of the cases. 


2. Milnor manifolds which are bordant to Bold 

MANIFOLDS 

We begin with the following trivial remark 
Remark 2.1. P(0, n) = = P(n — 1, 0) V n > 1. 

For non-trivial situations we have 

Proposition 2.2. H (2" — 2, n) is bordant to P(n — 2" -1- 1, 2" — 2) Vo 
> 1 and V n > 2" — 1 . 

Proof. The total Stiefel-Whitney class of P(n — 2" -|- 1, 2" — 2) is given 
by 

W{P) = (l + c)'^-2“+i(l + c + d)2“-\ 
where c"^“ 2“+2 _ q _ 

On the other hand the total Stiefel-Whitney class of H{2°‘ — 2,n) is 
given by 
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W{H) = 


(1 + a) 2 “-i(l + 6)^+1 


where a 


2“-l 


= 0 = h 


n+l 


(1 + a + 6) 

= (1 + 6)-2“+i(l + a)2“-i(l + 6)2“(1 + a + hT-\l + h^^)... 

(1 + 6^^), where 2^ < n < 

= (l + 6r-2“+i(l + 6 + a2 + a6)2“-h 
Consider a polynomial 

hh(a;,|/) = (1 + +a; + |/)^““^ G 'l>2[x,y] 

where {x, y) satisfies the following conditions: 


dim X = 1, dim y = 2, and y'^ ^ = 0. (2.3) 

Then, 

W{P) = W(c, d) and W{H) = W{b, a{a + b)). 

Clearly, both (c, d) and (b,a{a + b)) satisfy the conditions in (2.3). Let 
Wi{x,y) be the sum of i-dimensional terms in W{x,y), where i > 0. 
Then 

Wi{x, y) = Do^iX^ + Di^ix"~‘^y H-h 

where Dji G Z 2 , 0 < j < 2" — 2, and Dji = 0 if i < 2j. Let 
a; = + ^2 + ■ —\-ik = n + 2“ — 3 be a partition of n + 2“ — 3. Then, 


W^(a:,|/) = fC,,(a;,i/)...fT,,(a;,|/) = Eto 


where 


ft{D) — ^ G Z2. 


AH— \-jk=t 

Therefore, 

fh-.(c,d)=/ 2 <^- 2 (/^)c"- 2 “+'d 2 “- 2 . 

On the other hand 

2“-2 

W^{b, a{a + b))=J2 ft{D)b^+^^-^-^^a\a + 6)*. 


t=o 


Let Xt = 6"+2“-3-2ia*(a + 6)* where 0 < t < 2“ - 2. If t = 2“ - 2, 
then 


AA jn-2“+l 2“-2/ I i\2°‘-2 2°‘-2in-l 

Xt = b a [a + b) = a b 

If t < 2“-^ - 2, then n + 2“ - 3 - 2t > n + 2“ - 3 - (2“ - 4) = n + 1, 
and so Xt = 0 (since = 0). So, let 2 "“^ — 1 < t < 2 “ — 2 . 
Then, 
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X. = 


t 




, 2 “ - 2 - t 

where A* = 0 or 1 ; noting that 


t 

2« - 2 - t 


+ 


t 

2« - 2 - t - 1 


2-t- 1 


t + 1 
2" - 2 - t 


,2“-3Ln 


— 0 G Zo. 


Therefore, 

a{a + 6 )) = 

where A = 0 or 1. Hence it follows that the stiefel-whitney number 
(H''„(P), [P]) = (H'„(c,<i),lP]> = h«-^(D) 

= (H4(6,<j(a + 6)),[P]) = (»'„(P),|P]> 


This completes the proof. □ 

Proposition 2.4. H{m,m + 2°‘B) is bordant to P{2°‘B — l,m) V m 
> 0, V H > 1, and V a such that 2 " > m + 1. 

Proof. The total Stiefel-Whitney class of P{2°‘B — l,m) is given by 
W{P) = {l + cy‘^^-\l + c + d)^+\ 
where = 0 = ci™+h 

On the other hand the total Stiefel-Whitney class of H[m, m + 2°‘B) 
is given by 


W{H) = ^ ^ ^ , where a”^+^ = 0 = 

[1 + a + b) 

= {l + a + b + abr^\l + + a + ... 

(1 + 6^^), where 2^ < m + 2“H < 2^+\ 

= (1 + a + 6 + abr+\l + a + 


= (1 -I- a -I- 6 -I- ab)^~^^{l + a + b) 




since = 0 . 


Let W(a;,|/) = (1 -I- ^{l+x + y)^~^^ e'L 2 [x,y], where (x,?/) 
satisfies the following conditions: 


dim a; = 1, dim y = 2, and = 0 = y^~^^. (2.5) 

Then 

W(P) = W(c,d), and W(i7) = W(a + 6 ,a 6 ). 
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Clearly, the pairs (c, d) and (a + b, ab) satisfy the conditions in (2.5). 

Let Wi{x,y) be the sum of i-dimensional terms in W{x,y), where 
i > 0. Then, 

W,(x, y) = Do,^x^ + + ■ ■ ■ + 

where Dj i G Z 2 V j = 0,1,..., m. Let u = ii + 12 + ■■■ + ik = 
2m + 2°‘B — 1 be a partition of 2m + 2°‘B — 1. Then, using conditions 
in (2.5), 

hLo. {x, y) = Wi^ (x, y)... (x, y) 

m 

t=0 

where /t(T)o,ii • • • - 0 ^, 4 ) G Z 2 is a polynomial in 0 < j < m, 1 < 

r < k. Therefore, 

W^{c, d) = /m(L>o ,4 ... Dm,i^)c^°‘^~^dJ^, since = 0 . 

On the other hand 

m 

fT^(a + 6 , ab) = /t(Do,n • • • Dm,,){a + 

i =0 

Let Xt = (a + 6 )^™'+^“^“^“^*(a 6 )* where 0 <t < m. If t = m, then 
Xt= (a + &) 2 “^-^(a 6 )™ = 


and if t < m, then 

Xt = (a + 6)2”^+2“B-i-2t(^^)t 

'2m + 2^B -l-2t 
m — t 

2m + 2^B -l-2t 


^mjjm+2°‘ B—l 


+ 


^m—l jjm+2°‘ B 


m — t — 1 
where = 0 or 1; noting that 


+ 

= 0 G Z 2 , 


2m + 2^B -l-2t 
m — t — 1 


'2m + 2"5 - 1 - 20 
m — t 

'2m + 2^B - 2t^ 
m — t 

looking at the lowest power of 2 in (m — t). Thus, 
lTaj(a + b, ab) 

= fm{Do,ii • • • /^,n,4)a”^6”^+2“^-i + Al(a”^ 5 "^+ 2 “B-i ^ ^m-i^m+ 2 -B^ 
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where A = 0 or 1. Hence, it follows that the Stiefel-Whitney number 

(W^(P), [P]) = (W^C, d), [P]) = /„(Po,n • • • 

= {W^{a + b,ab),[H])= {W^{H),[H]). 

This completes the proof. □ 

Proposition 2.6. P(2", 2“+^P) is bordant to P(2"+^P — 2“ — 1,2“) 
V a > 1 and V P > 1. 


Proof. The total Stiefel-Whitney class of — 2“ — 1, 2“) is given 

by 

W(P) = (l + c)2“^^^-2“-i(l + c + cf)2“+\ 
where _ q _ c?2“+i_ 

On the other hand the total Stiefel-Whitney class of P(2“, 2“+^P) 
is given by 


(l + o)2“+l(l + 6)"”*‘»+‘ ^ + , 

W(H) = -;-—-, where a ^ = 0 = b + , 

[1 + a + b) 

= (1 + a)2“+'(l + + a + 6)... (1 + + 6^“) 

(1 + ... (1 + 6^^), where 2^ < 2“+^P < 2^+\ 

= (1 + ar+\l + 6)2“+hB-l)+l(l + « + 

= (1 + ar+\l + ^ ^ ^ ^ ^2^) 

+ (1 + a)2“+i(l + 6)2“+hB-i)+i(i + a + 6)2“-ia2“ 

= (1 + a + 6 + abr+\l + a + + a + bf^-^ 

\2“-1^2“ ^2“+l 


a , since a ^ =0, 
= ^l + a + b + abr+\l + a + 6)2“+^5-2“-i 
+ (l + bf 


\2“+lS-2“ 2° 

Li 


Let W{x,y) = (1-|-^(1-|-a;-f G Z 2 [a;,|/], where 

{x, y) satishes the following conditions: 


dim a; = 1, dim y = 2, and 2 ; 2 “+ib+ 2 “ ^ q ^ (2.7) 


Then 


W(P) = W{c, d) and 

W{H) = W{a + b, ab) + 0 ^“ (1 + 6 ) 2 “+'s- 2 “ _ 



BORDISM BETWEEN BOLD AND MILNOR MANIFOLDS 


7 


Clearly, the pairs (a + b,ab) and (c, d) satisfy the conditions in (2.7), 
noting that the term a?°‘b'^°‘*^^ may be omitted due to dimensional 
considerations. 

Let Wi{x,y) be the sum of i-dimensional terms in W{x,y), where 
i > 0. Now, 

W(x, y)= (1 + + (1 + x^^'^-^y + (1 + 

Therefore, 


W,(x, y) = DiX^ + EiX^-% + 


where 


A = 




, Ei — 


/2^+^B - 1 
V i-2 


, F,= 


/2«+i5 - 2 
V i - 2"+i J ’ 


using the convention that = 0 if s < 0 or s > r. Let S be the 

exponent of 2 in 2"+^i?, i.e. 2“+^i? = 2'^.odd. Clearly, 5 > a + 1. 
Now, 

i{i - 1)A = (2“+^5 + 1 - i)2^+^BEi. 

So, it follows that if i = 2^.odd, with (3 > 1, then 


(3 = 5 = E — i, 

(3 < 5 =^Di = 0, 

(3 > 5 =^E — 7 = 0. 


Further note that Dj = 0 = A if i is odd. Therefore, 

' Eix'^~‘^y, if 7 is odd, 

EiX^~‘^y + if 7 = 2^.odd, 1 < (3 < 5, 

’ ^ Di{x^ + x^~‘^y) + if 7 = 2”^.odd, 

^ At* + EiX^~‘^“^^y‘^°‘, if 7 = 2^.odd, (3 > 5. 

Let 00 = ii + i 2 + ■■■ + ik = 2“+^i? + 2“ — 1 be a partition of 

20 + 1 ^ + 2“ — 1 . Clearly, at least one ij must be odd. So, at least one 
Wi.{x,y) is a multiple of y. Let 7i,72,... ,7^ be of type 2^.odd, with 
0 < /5 < (5. Then, m > 1. Let A+i, A+ 2 , • • •, A+n be of type 2^.odd, 
and let A+n+i, A+n+ 2 ,..., 4 be of type 2^.odd, with (3 > 5. Then, we 
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W^{x,y) = Wi^{x,y).. .Wi^{x,y) 




H D,,{x‘i + x‘i-'^y)] I J] D 


j=m+l 


jf=m+n+l 


J^D-E.GtX 


2“+lB+2“-l-2(m+t) m+t 

y ? 


where D = fl > -^ = 11 = (t) > 0 < ^ Thus, 

j=m+l j=l 


W^{c,d) = 


D.E.G'2«-„^c2“+'■®-2“-lci2“, if 0 < 2" - m < n 
0, otherwise. 


On the other hand 


W^{a + b, ab) = ^D.E.Gtia + 5 ) 2 “+iB+ 2 “-i- 2 (m+i) _ 

t=o 

Let Xt = (a + 5 ) 2 “+iB+ 2 “-i- 2 (m+t)j'^^^m+t^ where 0 < t < n. Clearly, 
if m + t > 2" then X* = 0. If m + t = 2" then 


If m + t < 2" then 


X = ^ 2(m + t)\ 2“^2“+1B-1 I 

* \ 2" — (m +1) / 

/2"+^5 + 2" - 1 - 2(m + t)\ ^2“-i^2“+ii? 

\ 2" — (m + t) — 1 / 

where = 0 or 1; noting that 

/2"+^5 + 2“ - 1 - 2(m + t)\ ^ /2"+^5 + 2" - 1 - 2(m + t) 


\ 2" — (m + t) / \ 2" — (m + t) — 1 

_ /2”+iB + 2” - 2(m + i)\ „ ^ y 

“V 2«-(m + «) j- 0*^22, 

looking at the lowest power of 2 in (m + t). Hence it follows that 
IL’^(a + b, ab) 

_ I D.E.(G2--ma2“62“+'^?-i + A.g{a, b)), if 0 < 2" - m < n, 
\A'.g{a,b), otherwise. 
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where g{a,b) = ^ + a^“ A, A' e Z 2 . Thus, we 

have 


{WUc,d),[P]) = 


D.E.G2°‘-m, if 0 < 2" — m < n 
0, otherwise 

= {W^{a + b,ab),[H]). 

Now, Wi{H) = Wi(a + b.ab) + iVj(a, &), where 

f2°‘+^B - 2 "' 

N.(a.i)={ 

Note that 


2 “ T 7 — 2 “ 


ii) Ni{a,b)Nj{a,b) = 0, i,j > 1, 

{ii) Ni{a, b)Wj{a + b, ab) = 0, V i > 1, if j is odd, and 
{ill) Ni{a, b) = 0, if i is odd. 

Hence, it follows that 

k 

= W^{a + b,ab) + {a,b)Wi^{a + b,ab)... 

i=i 

Wi. (a + b, ab)... ITjj, (a + b, ab) 

= Wuj{a + b, ab), since u has an odd summand. 

Thus , the Stiefel-Whitney number 

{W^{P), [P]) = (W^(c, d), [P]) = (W.(a + b, ab), [H]) = {W^{H), [H]). 
This completes the proof. □ 

In [5] it has been proved that 

Result 2.8. Tt* is a polynomial ring over Z 2 with independent gener¬ 
ators MP^* and H{2^, 2t2^) where t,k > 1. 

Therefore, inview of Remark 2.1 and Proposition 2.6 we have 


Remark 2.9. The Milnor manifolds lying in the generating set of Tt* 
over Z 2 are all bordant to Bold manifolds. 


The following proposition is not directly related to the question we 
are investigating. However it has its own signihcance. 

Proposition 2.10. H{m, 2" — 1) is bordant to RP™ x RP^““^ V m > 
0, and V a such that 2°‘ > m + 1. 



10 


A. K. DAS 


Proof. The total Stiefel-Whitney class of H{m, 2" — 1) is given by 

{1 + + bf" 


W{H) = 


(1 + 0 + 6) 

= (l + a)”^+'(l+ 0 + 6)2“-' 


where o”^+' = 0 = 6^“, 


On the other hand the total Stiefel-Whitney class of the product 
M = RP^ X is given by 

W{M) = (1 + m)”^+'( 1 + n)2“-h 

where u E iJ*(MP™';Z2) , v G P*(RP2““^; Z2) are the generators of 
the respective cohomology rings. Let 

W{x,y) = {l + xr^\l + yr-\ 

where {x, y) satishes the following conditions: 

dim a; = dim 1/= 1, and x™'’" = 0. (2.11) 


Then 

W{H) = W{a, 0 + 6) and W{M) = W{u, v). 

Clearly, the pairs (0,0 + 6) and {u,v) satisfy the conditions in (2.11). 
Let Wi{x,y) be the sum of i-dimensional terms in W{x,y), where 
i > 0. Then, Wi{x, y) is a homogeneous polynomial in x, y of dimension 
i. Let oj = 11 + 12 + ■ — \-ik = m + 2" — 2 be a partition of m + 2" — 2. 
Then, using conditions in (2.11), 

m 

W^{x,y) = W,,{x,y).. .W,^{x,y) = 

1=0 

where Dj G Z2 V j = 0,1,..., m. Therefore, 

W,(M) = W^{u,v) = 


On the other hand, 

m 

W^{H) = W^{a,a + b)= ^ Dja^{a + 6)-+2“-2 -j. 

1=0 


Let Xt = a^(a + 6)™'+^“ ^ ^ where 0 < j < m. Then Xm = oPi>' 
and if j < m, 

+ 2°‘ — 2 — j 


2“-2 


x,= 


a"^62“-2 + 


m — j 

,m7,2“-2 I „m-l7,2“-l\ 


m + 2" — 2 — j 

m — j — 1 


,m-lL2“-l 


= Aj{a^P -2 + a”^-'62 "i). 
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m + 2" — 2 — j 
m — j — 1 


+ 

= 0 G Zi2, 


where = 0 or 1; noting that 

''m + 2" — 2 — f 
m — j 

'2" — 1 + m — j' 
m — j 

looking at the lowest power of 2 in (m — j)- Thus, 

W^{H) = 

where A = 0 or 1. Hence, it follows that the Stiefel-Whitney number 
{W^{H), [H]) =D^ = (W^(M), [MP"^ X Mp2“-2]). 

This completes the proof. □ 


3. Milnor manifolds which are not bordant to Bold 

MANIFOLDS 

First of all note that the Milnor manifolds, which are boundaries, are 
trivially bordant to Bold manifolds which are also boundaries (of course 
of the same dimensions) and in that context we have the following 
results from [4] and [3] 

Result 3.1. A Milnor manifold H{m,n), with m < n, bounds if and 
only if at least one of the following conditions holds: 

(a) m = n, 

(b) m = 1, 

(c) mn = 1 (mod 2), 

(d) n = 2(mod 4) and m + 1 < where v{n + 2) is the largest 

integer such that | (n + 2). 

Result 3.2. A Bold manifold P{m, n) bounds if and only if one of the 
following conditions holds: 

(a) n is odd, 

(b) n is even, m is odd, m > n and > n. 

The class of Milnor manifolds which are not bordant to Bolds man¬ 
ifolds is much bigger than the class of Milnor manifolds which are 
actually bordant to Bolds manifolds, and it is quite evident from the 
following proposition 

Proposition 3.3. Let m be odd, and n be even such that m < n. Then 
H{m,n) is not bordant to a Bold manifold unless H{m,n) itself is a 
boundary. 
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Proof. Assume that H{m, n) is not a boundary. We know (see [5]) that 
H{m, n) hbres over MP™- with hbre MP"“h Therefore, the mod 2 Euler 
characteristic 

x(P(m,n)) = x(MP”^)x(MP"-i) = 0. 

Let d = dim {H{m, n)) = m + n — 1. Clearly d is even and so the 
non-bounding Bold manifolds of dimension d are of the type P(r, s) 
where both r and s are even (by Result 3.2) and r -|- 2s = d. Since (see 
[1]) P(r, s) hbres over RP^ with hbre CP®, it follows that the mod 2 
Euler characteristic 


x(P(r,s)) = x(RP’')x(CP^) ^ 0. 


Thus, H{m, n) is not bordant to a Bold manifold. 


□ 


At this moment we can not say mnch about the remaining Milnor 
manifolds; however the Results 3.1 and 3.2 together with some com¬ 
puter calculations suggest us to make the following conjecture: 


Conjecture 3.4. The non-bounding Milnor manifolds which are not 
considered in Propositions 2.2, 2.4, 2.6, 2.10 and 3.3, are not bordant 
to Bold manifolds. 
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